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A universal power law and proportionate change process
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Abstract. Biological and social systems have been found to possess a non-trivial underlying network struc-
ture of interacting components. An important current question concerns the nature of the evolutionary
processes that have led to the observed structural patterns dynamically. By comparing the metabolic
networks of evolutionarily closeby as well distant species, we present results on the evolution of these net-
works over short as well as long time scales. We observe that the amount of change in the reaction set of a
metabolite across different species is proportional to the degree of the metabolite, thus providing empirical
evidence for a ‘proportionate change’ mechanism. We find that this evolutionary process is characterized
by a power law with a universal exponent that is independent of the pair of species compared.

PACS. 89.75.Hc Networks and genealogical trees – 87.23.Kg Dynamics of evolution – 89.75.Da Systems
obeying scaling laws

1 Introduction

Several new structural patterns have been discovered in
diverse biological, social and information networks, but
the evolutionary dynamics that lead to such structures
are still poorly understood. For example, metabolic net-
works, the best studied large scale networks in biology, are
known to have a power law degree distribution [1,2], and
the exponent γ is observed to be the same for all species
(for a review see [3]). However, empirical evidence eluci-
dating the nature of the process that gives rise to such
structure is lacking. In this paper we present empirical
facts about evolution based on a comparative study of
metabolic networks of various organisms. In particular we
report that the evolutionary process is itself characterized
by a universal power law.

Various hypotheses regarding evolutionary mecha-
nisms have been proposed and explored in mathemat-
ical models of evolving networks. For growing net-
works, a ‘preferential attachment’ of new nodes to higher
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degree nodes [4] as well as a ‘proportionate change’
mechanism [5,6] whereby nodes with higher degree expe-
rience proportionately higher changes in degree has been
proposed to account for the power law degree distribu-
tion of the network. The latter process can lead to robust
exponents [6]. However, it is not clear whether this hy-
pothesis is applicable to the evolution of metabolic net-
works. For one, the metabolic network is not a growing
network; during the course of evolution the number of
metabolites has remained in the range of a few hundred to
about a thousand for all organisms [7,8]. Furthermore, so
far no concrete evidence has been presented for a prefer-
ential attachment or proportionate change process during
its evolution. Our work also presents empirical evidence
for a proportionate change process in metabolic network
evolution.

2 Metabolic networks

We downloaded a database of metabolic networks of 107
organisms [8]. This contains organisms from all three do-
mains: eukaryotes, prokaryotes and archaea, arranged in
15 groups including animals, plants, fungi, proteobacte-
ria, firmicutes, and others. Organisms in different groups
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are evolutionarily distant, while those in the same group
are relatively closeby. We selected one species from each
group (typically the one having the largest number of
metabolites) and compared the metabolic networks of all
15 species pairwise (105 pairs of distant species). We also
compared specific pairs of nearby species (within the same
group).

The metabolic network of a given species is the set of
catalysed chemical reactions that can take place in the
organism through which it converts ‘food molecules’ into
certain other types of molecules needed by its cells. The
above database contains a list of 5275 metabolic reactions,
and for each reaction gives its participating metabolites,
chemical equation, whether it is reversible or not, and
whether it exists or not in each species.

3 A ‘local’ measure of distance between
metabolic networks

For a given pair of species, say A and B, consider the set M
of metabolites that participate in one or both metabolic
networks. For every metabolite m in M , we now define
∆km

AB, a measure of the distance between the two net-
works. Let Rm

A (Rm
B ) be the set of reactions in which m

participates in the metabolic network of A (B). The num-
ber km

A (km
B ) of reactions in Rm

A (Rm
B ) is the degree of m in

the species A (B). Here we consider only the undirected
degree of a metabolite, i.e., we do not distinguish whether
the metabolite participates as a reactant or a product.
Reversible reactions (forward and reverse pair) in which
a metabolite participates are treated as a single reaction
for calculating its degree. If m occurs in only one of the
species (say, A) and not the other (B), then Rm

B is the null
set and km

B = 0.
Consider the reactions in RA∩RB . (For brevity we will

often drop the superscript m as being understood.) The
reactions in RA∩RB represent the links of the metabolite
that are common to both species, and hence km

AB , the size
of this set, is a measure of how much the reaction set of
this metabolite has remained ‘conserved’ in the evolution
leading to species A and B from their last common an-
cestor. (This is a kind of ‘local measure’ of conservation,
from the vantage point of this metabolite inside the net-
work.) Similarly, the set (RA ∪ RB)\(RA ∩ RB), that is,
the set of reactions in RA ∪ RB that are not in RA ∩ RB,
or equivalently those reactions of this metabolite that are
in one network but not the other, is a local measure of
the divergence between the two networks. The size of the
latter set will be referred to as the divergence of the re-
action sets of this metabolite between species A and B,
and will be denoted ∆km

AB. Note that ∆km
AB is different

from the magnitude of km
A −km

B . For example Rm
A and Rm

B
can be different sets of reactions with the same number
of reactions in which case km

A − km
B = 0 while ∆km

AB �= 0.
∆km

AB is a local measure of the difference between the two
networks that takes into account the identity of reactions
and not just their number.

4 Metabolic network evolution
is characterized by a universal power law

4.1 Comparison of distant species: Evolution on long
time scales

We computed the degree distribution P (k) for each of the
15 organisms as well as the ‘divergence probability dis-
tribution’ Q(∆k) for each of the 105 pairs. By definition,
for any pair (A, B), QAB(∆k) ≡ nAB(∆k)/|M |, where
|M | is the number of metabolites in M and nAB(∆k) is
the number of metabolites in M for which ∆km

AB = ∆k.
The cumulative divergence distribution for pairs of dis-
tant organisms is shown in Figure 1 and compared with
the cumulative degree distribution. The figure shows that
Q(∆k) ∼ (∆k)−γ′

with γ′ = γ up to statistical uncertain-
ties in both the exponents. That the degree distribution
of two species follows the power law P (k) ∼ k−γ is a
statement of the present structure of the two metabolic
networks. This in no way implies that Q(∆k) should also
follow a power law with the same exponent. The latter
is a distinct statement about the dynamical process that
leads to the present structure. That the Q(∆k) distribu-
tion has the same form for all 105 pairs of distant species
considered reflects a universal property of the evolutionary
process.

4.2 Evolution on shorter time scales

A comparison of distant species reveals features of the
evolutionary process over long time scales. In order to
study the process over short time scales we compared
nearby species (that were in the same group). The re-
sult of three such comparisons is shown in Figure 2. As
expected, for each pair of nearby species the absolute di-
vergence is smaller than for distant species. This is evident
from the fact that the Q(∆k) curves are well below the
P (k) curves in Figure 2, in contrast to Figure 1 where they
are much closer, and that larger values of ∆k are absent
in Figure 2. However, it can be seen that the Q(∆k) still
follows a power law with almost the same exponent. This
suggests that this feature of the evolutionary process is
also valid over short evolutionary time scales.

5 Metabolic network evolution follows
a ‘proportionate change’ process

We explored the relationship between ∆k for a metabo-
lite across a pair of species, and its degree in each of those
species. In particular, one can ask for the conditional prob-
ability P (∆k|k) for a metabolite to have a reaction set di-
vergence ∆k across a pair of species, given that its average
degree in the two species is k. We found a positive and ap-
proximately linear correlation between ∆k and the degree
of a metabolite (Figs. 3 and 4). Thus the difference in the
reaction set of a metabolite across species is proportional
to the size of the set.
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Fig. 1. The cumulative distribution of the divergence of reaction sets, CQ(∆k), defined below, for evolutionarily distant
organisms. This is compared with the cumulative degree distribution CP (k) of those organisms. (a–c) Exhibit the comparison
for three pairs of species. The species are the eukaryote Homo sapiens, the prokaryote Escherichia coli and the archaean
Methanosarcina mazei indexed as 1, 2, 3 respectively. (d) The cumulative distribution of the degree of a metabolite averaged
over 15 species (kavg) and distribution of the divergence of the reaction sets of a metabolite averaged across the 105 pairs of
species (∆kavg). Points on the CPA(k) vs k curves (CQAB(∆k) vs. ∆k curves) represent the number of metabolites with km

A

(∆km
AB) greater than or equal to 2r−1, r = 1, 2, . . . The value of the exponent γ′ (= 1+ |slope|) obtained from the least square fit

value of the slope of the respective curve ± standard error (one standard deviation) arising from the scatter of the points plotted
in the figure is (a) 2.31 ± 0.09 (Q12(∆k)); (b) 2.26 ± 0.06 (Q13(∆k)); (c) 2.31 ± 0.06 (Q23(∆k)); (d) 2.19 ± 0.08 (Q(∆kavg)).
The value of the exponent in P (k) ∼ k−γ is γ = 2.27 ± 0.05 (P1(k)), 2.24 ± 0.05 (P2(k)), 2.26 ± 0.07 (P3(k)), and 2.26 ± 0.08
(P (kavg)). Across the 15 organisms considered, γ ranges from 2.22 to 2.32 with a mean of 2.27, while across the 105 pairs γ′

ranges from 2.23 to 2.46 with a mean of 2.31.

A random ‘proportionate change’ type process has
been proposed in models of growing networks [5,6]. We
propose the following general definition of a proportionate
change type process valid for random/non-random evo-
lution in growing/non-growing networks and for models
as well as real networks: In an evolving network exist-
ing nodes can lose some of their existing links or gain new
links. If in a certain time interval of evolution, the number
of links lost plus gained by nodes is typically in proportion
to the links they had at the beginning of the interval, the
network evolution will be said to occur via a ‘proportion-

ate change’ type process in that time interval. It does not
matter, for purposes of this definition, what the underly-
ing process causing the change is. It could be a random
process or a highly designed process. As long as the net
change in the links of nodes ends up being linearly cor-
related with their initial degree, the evolutionary process
will be referred to as a ‘proportionate change’ type pro-
cess. In this sense, our result in the previous paragraph
is evidence of a ‘proportionate change’ type process in
the evolution of metabolic networks. We remark that net-
work evolution does not have to follow such a scheme; for
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Fig. 2. CQ(∆k) and CP (k) compared for evolutionarily closeby species. (a) Compares two yeasts, Saccharomyces cerevisiae
(labeled as y1; γ = 2.26 ± 0.07), and Schizosaccharomyces pombe (y2; γ = 2.26 ± 0.09), and γ′ is found to be 2.46 ± 0.10
(Qy1y2(∆k)). (b) Compares two proteobacteria, E. coli (p1; γ = 2.24±0.05 ) and Salmonella typhimurium (p2; γ = 2.23±0.05);
γ′ = 2.49 ± 0.09. (c) Compares two archaea, Pyrococcus horikoshi (a1; γ = 2.37 ± 0.08) and Pyrococcus furiosus (a2; γ =
2.27 ± 0.05); γ′ = 2.63 ± 0.18.

Fig. 3. Positive and approximately linear correlation between ∆k and k (a) Scatter plot (on a linear scale) of the average ∆k
of a metabolite across the 105 pairs of species versus its average degree across the 15 (distant) species. The lone point on the
extreme right is a single highly connected metabolite, the hydrogen ion. (b) The same on a logarithmic scale where metabolites
are placed in logarithmic bins according to their average degree, and the average ∆k for a bin is computed by averaging over all
105 pairs of organisms for a given metabolite and then averaging over all metabolites in the bin. The slope of the least square
fitted straight line ± the standard error of the deviation of points in the figure from the fit is 1.08 ± 0.03.

example a simple evolution rule that deletes randomly
chosen nodes and/or adds new nodes that connect to ran-
domly chosen existing nodes will not correspond to pro-
portionate change. Thus our observation above captures
a definite pattern in metabolic network evolution.

The result also provides insight into why the exponents
γ′ and γ might be equal or very close. For, let us assume
for the moment a perfect correlation between ∆k and k,
i.e., P (∆k|k) ∼ δ(∆k− f(k)), or, equivalently, that ∆k =
f(k) for some fixed one-to-one function f , and also that

P (k) ∼ k−γ . Then the statement f(k) ∼ kα is equivalent
to the statement Q(∆k) ∼ (∆k)−γ′

, with γ′ = γ/α. In
particular α = 1 implies γ′ = γ and vice versa1. However
this is not a complete explanation because, as is evident
from Figures 3 and 4, there is stochasticity in the relation
between ∆k and k, and not perfect correlation.

1 We remark that given the statistical uncertainty in the ex-
ponents, our results are consistent with a value of α slightly
different from 1 and γ′ slightly different from γ.
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Fig. 4. ∆k versus k of a metabolite for three pairs of (a) distant species and (b) close-by species. The species and their indices
in (a) are the same as in Figures 1a–1c and in (b) are the same as in Figures 2a–2c. For each pair of species (A, B), the x-axis
represents kmax = max(kA, kB). The slopes of the three lines in (a) are 1.09± 0.03 (1, 2); 1.08± 0.02 (1, 3); and 1.03 ± 0.02 (2,
3) and in (b) the slopes of best fit lines are 1.03 ± 0.07 (y1, y2); 0.97 ± 0.12 (p1, p2); and 1.07 ± 0.08 (a1, a2).

6 Possible molecular mechanisms
for proportionate change in metabolic
network evolution

The linear correlation described above is an overall char-
acterization of the evolutionary process. A deeper un-
derstanding would require going into the mechanisms by
which such a correlation comes about, as well as into the
departures from the statistical pattern. A metabolic re-
action is catalyzed by an enzyme to which the reactant
molecules bind at specific sites in a 3-dimensional geom-
etry. Hence metabolic network evolution ultimately rests
on mechanisms of enzyme structure evolution [9], which in
turn involves the molecular evolution of genes that code
for the enzymes. The latter is governed both by random
processes as well as the forces of selection. The following
random processes that are biologically plausible can in
principle give rise to a proportionate change in metabolic
networks: a metabolite with high degree binds to several
enzymes that catalyze its reactions; if a gene correspond-
ing to one of these enzymes mutates in a manner that dis-
turbs the binding site of this metabolite on the enzyme,
the corresponding reaction could be lost. The more en-
zymes the metabolite binds to, the proportionately higher
is the probability of losing its reactions through random
mutations. On the other hand if the gene duplicates and
diverges, that can introduce a new enzyme to which the
metabolite binds and hence a new reaction for it to par-
ticipate in. Large degree metabolites have a larger pool of
interacting enzymes whose genes can duplicate, and hence
if genes duplicate randomly, the number of new reactions a
given metabolite participates in is also expected to be pos-
itively correlated with its degree. For two species A and B

that have descended from a common ancestor, these pro-
cesses would imply that ∆k ∼ k. Thus the same mecha-
nisms, namely gene mutations and duplication-divergence,
that have been considered as mechanisms for proportion-
ate change and preferential attachment in protein inter-
action networks [10–16], could operate for metabolic net-
works also.

7 Discussion

The above mentioned mechanisms are attractive for their
economy in explaining proportionate change: they invoke
only random processes and do not invoke selection. How-
ever, selection also certainly shapes metabolism. There
is evidence [17,18] that the amount of conservation or
divergence in the reaction sets of particular metabolites
depends upon the role played by those metabolites in
the network, and that cells can direct the generation
of potentially favourable mutations with greater proba-
bility than random [19]. Delineating the respective con-
tribution of random/directed processes in proportionate
change as well as other aspects of metabolic network evo-
lution is an important task for the future. Some insight
may be provided by the design of metabolic networks
and the observation known to biochemists and empha-
sized recently [20,21] that the role played by a metabolite
is reasonably well correlated with its degree. Our methods
allow a systematic investigation of the deviation of indi-
vidual metabolites from the null hypothesis of proportion-
ate change, which also impinges on this question. We add
that the method used in this paper to compare metabolic
networks could be useful for comparing other labeled bi-
partite graphs.
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